Abstract. In a previous report (RRR 16-2006) the Hungarian structure of the use of arable land has been analyzed. This paper is devoted to application of a similar approach to farms. The main difference is that somewhat surprisingly the underlying mathematics, i.e. the stochastic programming model, is more complicated in the case of farm level than that one on the national level.
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Introduction
In a previous report (RRR 16-2006 ) the structure of the use of the arable land has been developed in an evolutionary manner in Hungary. Seven main crops were selected for the study. They are: potato, maize, wheat, sugar been, rye, barley, and sunflower. Approximately two third of the Hungarian arable land is used for the production of these crops. The country has 19 counties. In spite of the fact that the conditions of agricultural production are very different in the counties, all seven crops are produced in all counties with a few exceptions.
The main result of [4] is that the same level of supply is achievable with a higher probability on a significantly smaller area.
As the agriculture is affected by stochastic factors via the weather, no supply can be guaranteed up to 100%. Thus each production structure provides the required supply only with a certain probability. Thus the underlying mathematical problem of the determination of an optimal structure is a stochastic programming problem.
This approach was developed further on to apply it to farms. Here are the main differences between the national level and farm level. Each county can be considered as a part of a farm having a field for each corn. The basic properties of the field with the exception of its size do not change. The sizes are depending on each other and must obey some rules, e.g. their sum in each county cannot exceed the arable land in the county. On the other hand the fields of a farm (i) can be used for several purposes and the key decision is that for what in the next campaign, and (ii) have fixed sizes.
The paper is organized as follows. In Section 2 some relation of the weather and the yield of crops are discussed. In Section 3 the underlying stochastic programming model is discussed. An algorithm to solve it is proposed in Section 4. The method uses a discretization technique and leads to a large scale multi-dimensional knapsack problem with Generalized Upper Bound (GUB) constraints. The production plans are evaluated in Section 5. Optimal solutions have been determined for both to maximize the probability of the supply and to minimize the area of the used arable land if the requested probability is given. Numerical results for the optimal structure of the production are presented in Section 6. The paper is closed by some conclusions.
2 What data can be used by a farm?
One important characteristics of crop production on arable land is the uncertainty caused by the stochastic nature of weather. On the other hand this is not a completely stochastic relation as the crops have a certain "memory" and the yield is affected by previous years, which are known, of course. In Hungary the weather of a year (from September to the next August) is aggregated into a single quantity called drought index defined by Pálfai and denoted by PDI. It is a positive value. The higher the value is, the greater the drought is.
In the case of small values there was no drought in that year at all. Although it was defined later [2] this drought index has been determined for each year since 1930. It is different from the also well-known Palmers drought index. In [4] it was shown that not only the drought index of the current year bur even the last previous ones may affect the yield. It is important to emphasize that the mechanism of the relation of the current yield with an earlier drought index is not explored in [4] , it was pointed out only that such relation may exist. Therefore they also must be considered as independent variables in a regression analysis.
Many products of industry are changing fast, e.g. the cars of 1930's are significantly different from the cars of 2000's. Moreover there are industrial products, which did not exist some decades ago. At the same time the agricultural products as wheat, milk, and meat remain more or less the same. Therefore the productivity of agricultural production can be measured in natural quantities even in a long time interval, too. Another important characteristics of crop production on arable land is the constant improvement of the technology proven by the increase of yields. Here we use only the fact that yields have a trend, i.e. time also emerge in the regression equations as an independent variable.
The drought index is a random variable, too. Its distribution function D(·) was estimated in [4] as
where the values of the parameters are: ν = 4.12678063, σ = 1.43656559, ρ = 0.01546327.
Each field has a so-called field-register in Hungary. It contains the most important data of the production in every year. Assume that the expected value of the yields is estimated by regression analysis. Then in each year there is an equation for every field. According to the crop rotation the equations of a field belong to different crops in different years. The number of equation may be enough to a good regression, especially if the overall effect of the drought indices is well-approximated.
The Stochastic Programming Model
The agricultural problem to be modeled is to determine an optimal production structure such that
• a prescribed supply is provided with at least a fixed probability,
• further technical constraint are satisfied and
• the probability of the fulfillment of the demand is maximal.
The technical constraints include (a) the expected value of the harvested amount must be at least as great as the demand, and (b) a field can be used only for those crops, which are allowed by the current state of the crop rotation.
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The following notations will be used: m the number of crops n the number of fields e the n-dimensional vector such that all of its components are equal to 1 a the vector of the sizes of the fields d the vector of the demands b i the characteristic vector of the fields, which can be used for crop i according to the current state of the crop rotation ξ i the n-dimensional random vector of the yields from crop i µ i the vector of the expected values of the yields from crop i C i the covariance matrix of the yields of crop i Φ the distribution function of the N (0, 1) standard normal distribution x i the characteristic vector of the fields used for crop i, i.e. a vector of binary decision variables, where x ij = 1 iff crop i is produced in field j
Moreover if g and h are two arbitrary vectors of equal dimension then g · h is the product vector having the components g k h k .
The mathematical model has four sets of constraints.
(i) The expected value of the harvested amount must be at least as great as the demand for each crop:
(ii) Each field must be used for exactly one crop:
(iv) Each field can be used only for those crops, which are allowed by the crop rotation:
(iii) All of the variables are binary:
The objective function is the overall probability of the fulfillment of the demands:
Problem (2)-(6) has deterministic constraints. The stochastic component appears only in the objective function. It can be solved if the common distribution function of (6) or its approximation can be formulated as a function of the decision variables. [1] solved a similar problem with a single inequality in the probabilistic constraint. For a good summary see [3] (Section 8.5). Based on the computational experiences obtained from Kataoka's method [4] an approximate model is suggested.
Assuming that the yields have normal distribution the expected value of the harvested amount from crop i is
and its standard deviation is
The harvested amount is itself a random variable and has normal distribution determined by the expected value and standard deviation. Thus the probability that the demand will be satisfied from crop i is
It is clear that the higher the value of ε i the higher the probability is. If ε i = d i then this probability is 0.5. The probability of the event that all of the demands will be satisfied is high only if all individual probabilities (7) are high, i.e. the expected values ε i (i = 1, ..., m) are simultaneously high. In the approximate model a common factor, denoted by y, is introduced. It is required that the expected value of the harvested amount exceeds the demand by this common factor. Thus the model is rewritten in the following way:
m i=1
x i = e (10)
(The pairs of constraints (3) and (10), (4) and (11), (5) and (12) are, of course just the same.) Problem (8)- (12) is a mixed 0-1 programming problem with a single continuous variable.
Simulation of Existing and Suggested Production Structure
Similarly to [4] the final evaluation of the production plans is done by simulation. The aim of the simulation is to obtain a good estimation of the probability of the fulfillment of the plan.
In the model there are two types of random elements: (a) the drought index and (b) the bias of the yields from the values given by the regression equations. The deterministic element of the equation is: (c) the year. These three elements are treated in the simulation as follows.
(a) The simulation starts with the drawing of 100005 values of the drought index from the distribution (1) . During the simulation a time window of length 6 goes along the series of the drought indices. Thus 100000 event can be simulated for the fulfillment of the plan.
(b) In general the statement that the technology is improving is true to farms, too, as some exogenous components of the production, e.g. used chemicals and seeds, are improving in general. This fact implies that the variances of the biases have increasing trends. Therefore the basic assumption is that normalized biases have a multi-dimensional normal distribution. It is well-known that the multi-dimensional normal distribution is uniquely determined the expected values and the covariance matrix. The expected value is zero. The covariance matrix has been determined. Thus for each of the 100000 positions of the time window the normalized biases is determined from this distribution. Then one can obtain the biases by multiplying the normalized biases by the value of the regression function.
(c) The results concern to the same time period, therefore the variable of the year is kept constant.
An example
We consider a small farm of 6 fields denoted by A, B, C, D, E and F. The most important properties of fields are summarized in Table 1 According to the crop rotation the fields can be used as follows: The farm has three main products: maize, potato and wheat. The demands are in metric ton: 80, 220, 50. Then constraints (2) and (4) can be written in the following compact form, where the decision variables are indexed by the first letter of the crop and the name of the field:
16.32x mA + 34.00x mB + 27.73x mD + 65.10x mE ≥ 80.
(13) 142.8x pB + 116.6x pC + 100.11x pD + 257.52x pF ≥ 220 (14) 13.44x wA + 19.61x wC + 18.33x wD + 47.56x wF ≥ 50.
Here it is easy to get some consequences. E.g. if fields B and E are assigned to potato then potato must be produced on F. With an implicit enumeration we obtain that there are only four feasible solutions of constraints (2) and (4) Solution No. 4 is again the best one. The objective-function-variable y takes its value at maize in the case of solutions both No. 2 and 3. The quality of the third solution is better according to the simulation because expected value of the harvested amount of potato and wheat is smoother at it than at the second solution.
Concluding Remarks
A stochastic programming model has been developed for determining the optimal use of the fields of a farm if the demand is a priori known. The model maximizes the probability of the satisfaction of all demands under deterministic constraints. It is hard to formulate the objective function even in the case if the random variables have normal distribution. Therefore an approximate model has been suggested based on the computational experiences of a similar problem analyzing the use of arable land on national level. It is a completely deterministic one having one continuous and several binary variables. The application of the model has been discussed on an example. The quality of the solutions has been also evaluated by simulation. The two different methods gave the same quality order of them. where P DI t is the value of the Pálfai's Drought Index t years earlier. E.g. P DI 0 is the index of the current year. If year = 1986 and all P DI t = 3.5 then the value of the right-hand sides equal to the expected value of the yield in the example.
Appendix B
The stochastic effect of weather is taken into consideration as the relative error of the regression equations, e.g. if the experienced yield is y Am from maize on field A then the random component is Table B .3 The covariance matrix of wheat.
